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In this paper we will study the theory of newforms in Sk+ &f0(4M), x,), for M 
an odd squarefree natural number, x, = (4.5/.) x, where x is a quadratic character 
modulo M with x( -l)=s, parallel to the Atkin-Lehner theory of newforms in 
S,,(2M) and prove that these two spaces are isomorphic under certain linear com- 
binations of Shimura lifting% commuting with the action of Hecke operators. 
0 1990 Academic Press, Inc. 
1. INTRODUCTION 
In his famous paper [6], G. Shimura introduced the space of modular 
forms of half-integral weight whose level is a natural number divisible by 
4 and constructed certain liftings of the space of cusp forms of half-integral 
weight to the space of cusp forms of integral weight; these liftings commute 
with the action of Hecke operators. Later S. Niwa [4] proved that the 
levels of such forms of integral weight are equal to half the levels of the 
forms of half-integral weight. Further, S. Niwa [S] proved that the trace of 
the Hecke operator T(n’) on Sk + ,,2 (r,(4M)) is equal to the trace of the 
Hecke operator .T(n) on S,,(2M), where M is an odd squarefree natural 
number and (n, 2M) = 1. 
W. Kohnen [3] introduced a subspace, called the “+ space,” of the 
space of cusp forms of half-integral weight and studied the theory of new- 
forms parallel to the Atkin-Lehner theory of newforms of integral weight. 
He also proved the existence of a linear combination of Shimura liftings 
which maps the newform space of the +space isomorphically onto the 
space of newforms of integral weight, whose level is an odd squarefree 
natural number. For this purpose he proved, as a main tool, that the trace 
of the Hecke operator T(n*) on Sz+ 1,2 (r,(4M)) is equal to the trace of the 
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Hecke operator T(n) on S,,(M), where M is an odd squarefree natural 
number and (n, 2M) = 1. 
In this paper we consider the space Sk + ,,,(r,(4M), xl) for M an odd 
squarefree natural number, x1 = (4~/.) x, x( - 1) = E, where x is a quadratic 
character modulo M. We study the theory of newforms in that space and 
prove the existence of a linear combination of Shimura liftings which is an 
isomorphism of the spaces S,, 1,2 (r,,(4M), xl) and S,,(2M), commuting 
with the action of Hecke operators, using only the equality of the traces 
proved by S. Niwa [S]. We note that Theorem 2 of W. Kohnen [S] (for 
k 3 2) follows as a consequence of our results. 
2. NOTATIONS 
Let k, N be natural numbers, k 2 2 and N squarefree. Set 
if N is even 
if N is odd. 
Let p denote a prime and d denote a positive divisor of N. By a I b, we 
understand that a is a positive divisor of b. Let x be a quadratic character 
modulo M with conductor t; let x1 = (4s/.) x, where x( - 1) = E. 
We denote by S k+ ,&f,,(4M), xl) the space of cusp forms of weight 
k + l/2 and character x1 for the group r,(4M) in Shimura’s sense and 
by SC k+ ,,*(r0(4M), x,), the Kohnen + space which is the subspace of 
S k + 1,1(r0(4M), Xl) consisting of cusp forms whose n th Fourier coeflicient 
vanishes whenever E( - 1 )kn - 2,3 (mod 4). 
Put 
if N iseven 
if Nis odd. 
We write 
S k + 1,2(N 1) = Sk + ,/2(N). 
S,,(N) denotes the space of cusp forms of weight 2k for T,(N) with trivial 
character. For details the reader is referred to [2, 3, 61. 
For a natural number m, the operator U(m) is defined on formal power 
series in x by 
.F, a(n) 2 I U(m) = 1 a(mn) x”, 
n2l 
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where 
x = pi=, Im z>O. 
The analogous Atkin-Lehner W-operators on S, + 1,2(N, x) are defined as 
follows: For p ( M, 
w(p)=((gc 3r’i (4Mc+P)‘9 
where b E 1 (mod p) and a, b, c are integers satisfying p2a - 4A4bc = p; 
W(4)=((& ;)d 
-1/2eni/4(- 1 )C(k+ l)/*l 2’12(&fcz + 1)li2 
> 
where b z 1 (mod 4) and a, 6, c are integers satisfying 16a - 4Mbc = 4. Note 
that the operator W(p), p 1 M is (up to a constant factor equal to + 1) the 
W-operator considered by W. Kohnen [3]. For p 1 N, denote by W, the 
Atkin-Lehner W-operator on S,,(N) given by 
where a, b, c, d are integers satisfying p*ad - Nbc =p. 
If p[ N is odd, denote by T(p’) the Shimura Hecke operator on 
s k + ,,,(N, x) and define 
T(4) = 5U(4) pr, 
where pr is the orthogonal projection onto Sk+ 1,2(M, x) given by 
pr=z(Q-PI (see [3, p. 421). 
For a form f, we denote by a,.(n) the nth Fourier coefficient off and for 
a number theoretic function a(n), we put a(n) = 0 if n is not an integer. 
Then, for f~ Sk + 1,2 (N, x) and p[N, we have 
Note that the operator T(p2), p[N preserves the space Sk+l,2(N, x) 
(cf. C3,61). 
T(p), p,JN denotes the Hecke operator on S,,(N). For f~ S,,(N) and 
p [ N, we have 
fl Up)= 1 {~f(~p)+P2k-1af(~/p)j xn. 
n>l 
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If f and g are cusp forms of weight k + l/2 for a subgroup r of finite 
index in r,,(4), we define the Petersson scalar product off and g by 
1 
(f, g) = [r,(4): r-j I r\,/(t) d ) 
7 vk - 3’2 du do, 
where H is the upper half-plane and z = u + iv E H. 
For a fundamental discriminant D (i.e., D equals 1 or is the discriminant 
of a quadratic field) with E( - l)k D > 0, define a map Y,,,k,,, * by 
Then yD.k, M,x maps the space S,, ij2 (N, x) to the space S,,(N). When x 
is trivial, we denote the map by 9D.k. M(of [3]). Note that when 
D = 0 (mod M), 
Y -9 D.k. I - D.k,dr d odd on Sk + I/2( 2d). (2.1) 
3. THEORY 0~ NEWFORMS ON sk+l:2(N) 
LEMMA 1. For p ) M, W(p) is an isomorphism of the spaces Sk + &N. x) 
and sk + 1,2(X ( ./P) X). 
Proof: If N is odd, this is Proposition 2 of [3 J. If N is even, the 
proof is clear, since W(p) maps the space Sk + ,,,(N, x) to the space 
S k+ ,,,(N, (./P) X). 
LEMMA 2. U(t) is an isomorphism of the spaces Sk+ ,,2(N) and 
S k + ,,,(N Xh 
Proof. Since the proof of Proposition 3 of [3] holds also for N even, 
the proof is clear. 
Let 
P --ki2+1’4U(p) W(p) if p odd 
u’p = W(4) if p even. 
LEMMA 3. For p 1 N, wp is a hermitean involution on S,, &N). 
Proof. Note that for p 1 M, the proof of Proposition 4 of [3] also holds 
for N even. For p = 2, it is easy to check that W(4)2 = Identity. 
DEFINITION. A non-zero form f~ Sk + ,J N ) is called a Hecke eigenform 
if it is an eigenform with respect to all T( p2) ( p ,j’ N) and U(p2) (p ) N) for 
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odd p and with respect to T(4) or U(4) accordingly asfis in the plus space 
or not. 
LEMMA 4. U(4) W(4) = (- l)C(k+ ‘)m E~~-“‘Q on Sk+ ,,,(N, x), where 
Q is the operator defined in [3 ‘j . 
ProoJ: For u, u mod 4, let 
ct,,=((i y),2112) W(4) and p.=((i ~),e1f2eni~4)(4~v y)*. 
Then an easy computation shows that 
1 0 
%t= (( > o 1 ,E -1(-l) where C E r,-J4M). (3.1) 
Since 
and 
U(4) W(4)=2”-3’2 1 x, 
umod4 
Q= c /3, (cf. c3, P. 361), 
vmod4 
(3.1) implies that 
U(4) W(4) = (- lp+l)/21,2k-3/2Q 
On sk+ l#? x). 
Define the space of oldforms of Sk+ 1,2(N) by 
si?r: ,/z(N) = c tsk + 1,2(d) + sk+ ,,2(d)l u(N’/d’)) 
d<N 
and the space of newforms, denoted by SFT1,2(N)r to be the orthogonal 
complement of s$! 1/2(N) in Sk + 1,2 (N) under Petersson scalar product. 
THEOREM 1. For p 1 N, the operators U(p’) and wp preserve Sy+W1,*(N) 
and U(p’) = -pk-‘w, on Sr+W&N) 
Proof- If p is odd, the proof is in line with the proof of Theorem 1 of 
c31. 
Let p = 2. (In this case N is even). By Lemma 4, the projection map is 
given by 
3pr = 21ekU(4) W(4)+ 1 (cf. C33). (3.2) 
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LetfcSF+",,2 (N) Then, by definition, 
f lpr=O, 
i.e., 
j-/(2’-%(4) W(4)+- l)=O. 
Applying W(4) and using the fact that W(4)” = 1, we have 
U(4)= -2k-‘W(4) on SF,“,,,(N). 
It remains to prove that W(4) preserves Sy+WIR(N). Since W(4) is 
hermitean, it suffices to prove that W(4) preserves S,O’$ ,JN ). For this pur- 
pose, by (3.2), it suffices to prove that U(4) preserves SE’: ,,&N). Since 
C tsk + I:*(4 + sk+ Ii2 (41 U(N2/d2NI U(4) E s;‘! ,JN) 
dl .Y 
d even 
and 
s k + ,:z@f)t u(4) s s:‘: &W, 
we have to show that 
S k + ,,AM )I U4)2 c s:‘: ,,,(N h 
By (3.2), we have 
T(4)= W(4) U(4) W(4)t2-‘U(4) on Sk+ 1!2(W. 
Let g E Sk ,. &M). Then 
Applying W(4) and using Lemmas 3 and 4, we have 
i.e., 
81 w(4) U(4)E sk+ l,:,(M) + Sk+ ,;z(M)[ u(4), 
gl~(4)2~~k+,,2~~)+S,,,:,(~)l~(4)cS~’~,~,(N), 
which completes the proof. 
THEOREM 2. For N even, 
tr(W2)9 Sk + ,,,(N)) = tr(W), S,,(N)) 
.fur (n, N) = 1. 
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Proof: See Remark 4 of [S]. Also one can refer to [7, Theorem p. 5413 
for a detailed proof. 
THEOREM 3. There exists a basis of Hecke eigenforms for ST+w,,2(N). 
Prooj Since the Hecke operator T(p*), p/N is hermitean and preserves 
S r,“,,,(N), the theorem follows from Lemma 3 and Theorem 1. 
LEMMA 5. Let f E Sk+ 1,2 (d) be a Hecke eigenform. Then there exists a 
fundamental discriminant D ~0 (mod 8M) with (- l)k D > 0 such that 
a,f(lDI)ZO. 
Proof Assume the contrary. 
Consider the function 
By assumption, we have 
a,(n) = 0 
Therefore, 
whenever n E 2 (mod 4). 
(cf. [3, Lemma, p. 691). 
Using Lemma 2, we have 
i.e., 
f 1 ut4) E Sk + 1,2t”) 
d even 
d odd. 
Let d be even. 
Case (i). f E Sk+ &d/2). Then 
flT(4)=&f; 
i.e, 
$f IU(4)pr=&f or tf I u(4) = hf (by (3.3)). 
Applying W(4) and using Lemma 4, we have 
3.2k-1f=/22f) W(4), 
(3.3) 
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which implies that 
a contradiction to Deligne’s theorem. 
Case ii. f~ S, + &d/2). Then 
fl U4)=&f~S,+,,,(d/2) (by (3.3 )) 
a contradiction. 
The case d odd is nothing but Case (i), which proves the lemma 
completely. 
THEOREM 4. The space Sk + &N) can be decomposed as 
s kt m(N) = @ SZ,,,ld)l Ub-‘). 
i-dlN 
(3.4) 
Proof. For N= 2, the decomposition is clear using Case (i) of 
Lemma 5. We now prove the decomposition for the case N = 2q, q an odd 
prime. We prove the general case by induction. 
BY Theorem 3, let if,, .-Jr,}, (f,,,,, . . ..frz). {fr2+1, . . ..fr.l, and 
{&,l, ...? f,} be bases of Hecke eigenforms for Sk+ 1,2( l), Sp+W1,2(2), 
SZ1,2(q)v and SK,,2 (2q), respectively. By Lemma 5, there exist fundamen- 
tal discriminants Di z 0 (mod 8q) with ( - 1)” Di > 0 such that afi (I Di I) # 0, 
1 didrq. 
Then the polynomial 
is non-zero. Choosing constants ~1,) . . . . a, such that P(a, , . . . . aJ # 0, we 
define a map 
i= 1 
Then 
Also, $,2, maps the SPaces sk+ ,/2t1 1, Sk+ 1/2(2)y sk+ 1j2(dy and sk+ 1/2(2d 
to the spaces S,k( l), S,,(2), S,,(q), and S,,(2q), respectively (cf. (2.1)). 
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Since 
T(P2) %,, k,l = %,. k,l T(p)~ P odd. 
and 
T(4) yb,, k, I = %,. k,l T(2) On Sk + 1/2(q) 
u(P2) %I,, k, 1 = %I,, k, I u(P)P t 2% 1 <i<r, 
Ll WI*)= +qk-!A, r,<i<r, 
fi(U(4)=+2k-tfi,rl<i~r2, 
the Atkin-Lehner newform theory shows that Yk40k,2y maps the spaces 
S K”&), SZl,2(d, and SEl,2 (2q) to the spaces S;:“(2), S;:“‘(q), and 
Sgw(2q), respectively. 
By definition, we have 
and 
S k+ 1/2(2q) = si?1/2(2q) @ 
( 
c s~+wl/2(d)i U(r’) . 
rdl*q ) 
d<2q 
For 1 <i<r,, let 
Then, applying the map ykk,2q, we have Fi, Fi 1 u(q) E S2k( 1 ), a contradic- 
tion. Therefore 
Similarly, applying the map 9&q on S~J’l,z(d)l U(r*), one can prove that 
c SE1,2 (41 Vr’) = 8 SF+w1,2(41 Ur2h 
-‘l*q 
d<2q 
rdl*y 
dc2q 
proving the required decomposition for Sk + ,,*(2q). 
We now prove the analogue of Theorem 4 of Cl]. 
THEOREM 5. Let g, and g, be two newforms belonging to Sr,“,,,(N,) and 
Sr$2(N2), respectively (N, and N, are squarefree natural numbers) such 
that g, and g, have the same eigenvalues with respect to infinitely many 
operators T(p2) for (p, N, N2) = 1. Then N, = N2 and g, is a constant multi- 
pie of g,. In particular, the “multiplicity 1” theorem holds on Sr+Wl,z(N). 
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Proof. Let N, = 1.c.m. of N, , NZ. 
Since g, and g, are Hecke eigenforms, by Lemma 5, we can choose 
fundamental discriminants Dj 3 0 (mod 8N,) or Di = 0 (mod 4N,) (accord- 
ing as N, is odd or even) with (- 1)“ Di > 0, i = 1,2. Then we define a map 
.Y?=a 27 A I & k. I + a2 %!, k. l 1 a,, a,E@, 
satisfying 
Gi=gi19’f’#0, i= 1,2 
(by constructing a non-zero complex polynomial as in the above theorem). 
By (2.1). it is clear that 
Also 
Gi E S,k(N;)> i=l,2 
gi I u(P2) = +Pk- lgit pINi 
T(p2) Y,N’ = 92 T(p), P 1 Ni on Sk + l/*(Ni), 
which implies that 
Gi E S;;“(N;), 
(cf. [ 1, Theorem 51). 
i = 1,2, respectively (3.5) 
Since G, and G2 have the same eigenvalues of T(p) for almost all p, it 
follows from Theorem 4 of [ 1 ] that 
N,=N, (=Nz) 
and 
G,=G, (=Gsay) E SYWd 
(without loss of generality we can assume that G, and G, are normalized). 
Case (i). N, even. By Theorem 2, there exists an isomorphism ‘pl from 
S k+ ,,*(N3) onto SZk(N3) such that 
mJ2) ‘PI = ‘pi UP), P YN,. 
Since gi) q1 E S,,(N,) and gi 1 ‘p,, G have the same eigenvalues of T(p), 
p j’ N,, it follows that 
gilv,ECG, i= 1,2 (cf. [ 1, Theorem 5]), 
and hence g, is a constant multiple of g,. 
64134 ‘2-l 
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Case (ii). N3 odd. Let (p2 be an isomorphism (cf. Theorem 2) of the 
space Sk+,,J2N3) onto the space Szk(2N3) such that 
VP21 (P2 = ‘p2 T(P), P Y2N3 
Then giI(Pz,gil W4)ltp2, and G have the same eigenvalues of T(p), 
p /’ 2N3, i = 1, 2. Since gi 1 (p2 E S,J2N,) by Atkin-Lehner newform theory, 
g,lcp2,gilU(4)lcp2E@GO@GIU(2), i= 1, 2. 
If gl and g2 are linearly independent, g,, g,, g, ( U(4), and g, 1 U(4) are 
linearly independent and 
(a=g,O@g,OCg,l U(4)0%( U(4))lcp,c(CGOCGl U(2)), 
a contradiction. 
The proof is now complete. 
THEOREM 6. For any squarefree positive integer N the spaces Sr+W,,2(N) 
and S;:“(N) are Hecke-equivariantly isomorphic via suitable linear combina- 
tions of the Shimura lftings. 
Proof: It suffices to prove the theorem for N even. Let f,, . . ..fs be the 
collection of all newforms belonging to lJllN S,, ,,2(r), where 
with 
s= c (Rd+sd) dl M 
& = dim Sr,“,,,(2d) and Sd = dim Sr,“,,,(d). 
For d ( i14, let 
rd = dim S;i”(2d) and sd = dim S;;“(d). 
By Lemma 5 we can choose fundamental discriminants Di E 0 (mod 8M) 
with ( - 1)’ Di > 0 such that aL( I Di ( ) # 0. Then, by constructing a non-zero 
complex polynomial as in Theorem 4, we define a map 
satisfying 
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Then 9, ,,, maps the spaces Sk + ,,*(d) and Sk + &2d) to the spaces S,,(d) 
and SZk( 2d), respectively (cf (2.1)). Since 
UP21 %N = %N UP), p odd (cf. (2.1)) 
T(4) %,N = %.N T(2), on Sk + 1;2(4 
~(P’M,N=%v~(P)> PIN 
and 
f,l u(P2)= +_Pkelfi, p I2d or p ) d according as 
fi E SP,“lp(W or SF+wlp(d), 
by the Atkin-Lehner newform theory, we have 
and 
SF+wl,2(4 I $I,, c S;,?(d). 
By Theorem 5, the map Yk,, is one-to-one on Sr,“,,,(2d) and Sr,W,,2(d). 
which implies that 
R,<r, and s, < Sd. (3.6) 
We know that 
S,,(N) = 63 S;;j”Qd) I U(r) 0 S;;“(d)1 U(r). 
rdl M rdlN 
d odd 
(3.7 
Since the spaces Sk+ 1,2 (N) and S,,(N) are isomorphic (cf. Theorem 2) by 
(3.4) and (3.7), we have 
c (a,(M/d) Rd + ~,U’W) s,) = c (a,(M/d) rd + a,(N/d) &,) (3.8) 
dl M dlM 
(oo(n) denotes the number of positive divisors of n). 
From (3.6) and (3.8), we can conclude that 
Rd=rd and Sd = sd, dlM, 
which completes the proof of the theorem. 
Remark 1. Theorems 4, 5, 6 together with (3.7) imply that the map 
9k,N is an isomorphism of the spaces S,, ,,2(N) and S,,(N) such that 
T(P2) %,N = %,NT(P)r PYN 
wP2M.N=C40.NwPL PIN. 
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Remark 2. Let p 1 M. Defining 
SiFi512UV = 
i 
f E Sk+ ,,AWl q(n) = 0 for (I+?)= g 
one can prove that 
S.&P,,,(N)= ~f~sk+&7lflwp= &f> (cf. [3, Proposition 4)]). 
Let 
S2Pw)= ~f~~*kuvlfIWp= &f>. 
By Theorem 1, 
U(p2) = -pk- Iwp on SE1,2W) 
and one can prove, on the lines of W. Kohnen 13, p. 66 3, that 
T(p2) = U(p’) +pk-‘W, On Sk+ I/C/P). 
Note that 
U(p) = -pk- 1 w, on S;:“(N) 
and 
T(p)= wP)+Pk-‘Wp On s,/c(~P) (cf. Cll). 
Also, by construction Of the map ‘4”k,N, 
T(P2) %,N = %,/VT(P) cm sk+ 1,2(Nl~), 
and 
u(P’) %.N = %,h’u(P), PIN. 
Therefore, it follows that 
wpyk,N= yk,N wp, PIMonS,+,,,(N). (3.9) 
Hence by Remark 1 and by (3.9) we see that the eigenspaces S.$;P,,,(N) 
and Scp(N) are isomorphic under $&, for p(M. 
4. THE SPACE Sk + 1,2( N, x) 
In this section we take x non-trival. 
An easy computation shows that for a fundamental discriminant D - 0 
(mod 8M) with ( - 1 )k D > 0, 
u(t) ?&,.k.M.~=%,k.d, d odd, (4.1) 
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where 1 D, 1 t = ( D ( and DO is a fundamental discriminant with E( - 1 )k DO 
> 0. 
We put 
s k + I/2(& it) = sk+ I,z(d)t u(t) (cf. Lemma 2). 
Define 
s 2 l,2W x) = c (Sk, l/2 (4 x) + Sk, I,,(4 x)1 U(N21d2)) 
d<N 
and define S”“” k+ 1,2(N, x) to be the orthogonal complement of S;‘: l,2(N, x) 
in S k + 1!2(N, X) under PeterSSOn scalar product. 
LEMMA 6. Sr,Wl12(N, I)= S;e;I,2(N)I U(t). 
Proof The proof is the same as the proof of the Lemma of [3, p. 661. 
The operator 
WP,X = 
i 
U(t)--’ w,U(t) p odd 
W(4) p even 
is defined on Sj$,(N, x) for p ( N. We put 
S:&;p,,,W, x) = S;&W)I U(t). 
Using the above facts alongwith Lemma 2, one can prove the results of 
Section 3 for x non-trivial, which we summarise in the following. 
THEOREM 7. (1) The space Sk+ ,,,(N, x) can be decomposed as 
S k+ l,z(N, X) = @ Sk, uz(dT X)1 U(‘-‘). 
rdlN 
(2) The space Sr+w,,2 (d, x) is an orthogonal direct sum of common 
eigenspaces of all T(p’), p fd and U(p’), p ) d, each of dimension one. There 
is a linear combination of Shimura lifings, which is an isomorphism of the 
spaces Sr,“,,,(d, x), Sk+ &N, K) onto the spaces S;iw(d), S,,(N), respec- 
tively, given by 
such that 
Y k.N.1 = u(t)-’ yk,, 
T(P*) Y?k,N,X = x4Pk.N. ,T(p), PYN 
u(P2) %.NJ = ‘%,N,, u(p), P I N. 
(3) 8i.N.x is an isomorphism of the eigenspaces S:;P,,,(N, x) and 
S$“(N)for~JM. 
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